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We propose resonating valence bond wave functions for a spin-1 system on the torus that realize
a non-Abelian chiral spin liquid. The wave functions take the form of infinite dimensional matrix
product states constructed from conformal blocks of the SO(3)1 Wess-Zumino-Witten model. This
means that they are lattice analogues of the bosonic Moore-Read state introduced in fractional
quantum Hall systems. The topological order of this system is revealed by explicit construction of
three-fold degenerate ground states and analytical computation of the modular S and T matrices.
I. INTRODUCTION
The study of quantum spin liquids is one of the most
interesting and challenging topics in current condensed
matter physics [1–4]. These states are disordered ground
states of quantum magnets which do not break spin-
rotational or lattice symmetries. A famous example is
the resonating valence bond (RVB) state constructed by
Anderson [5], which was proposed as a candidate for the
ground state of the Heisenberg model on the triangular
lattice. The term “valence bond” (VB) refers to a spin
singlet formed by two spin-1/2’s on different lattice sites
and the coherent superposition of various different VB
configurations gives the RVB state. More generally, any
singlet-paired state may be defined as a VB state.
After the discovery of fractional quantum Hall (FQH)
effect [6, 7], Kalmeyer and Laughlin [8] realized that the
bosonic Laughlin state at half filling can be recast to de-
scribe a spin liquid state. This state has spin-rotational
symmetry but breaks time-reversal and reflection symme-
tries, so it was named as a chiral spin liquid (CSL) [9].
The connection between FQH and CSL states can be un-
derstood in the framework of topological order [3]. When
the systems are placed on topologically non-trivial mani-
folds with nonzero genus (e.g., the torus), there are mul-
tiple (quasi-)degenerate ground states that are separated
from the rest of the spectrum by an energy gap. The
degeneracy is fundamentally determined by the genus of
the host manifold and robust against local perturbations.
This allows us to describe the low-energy physics using
topological quantum field theories (TQFTs). For two-
dimensional systems, it has been proposed that universal
topological data are encoded in the modular S and T
matrices [10, 11], which can be computed using the de-
generate ground states on the torus [12].
∗ hong-hao.tu@tu-dresden.de
One topological property of CSLs is the braiding statis-
tics of their elementary excitations. When two excita-
tions in the Kalmeyer-Laughlin state are braided around
each other, the wave function of the system acquires a
phase that does not equal to ±1 (as would be the case for
bosons or fermions). An even more compelling possibility
is the non-Abelian braiding statistics revealed by Moore
and Read in the context of FQH states [13]. In this case,
a system with multiple excitations at fixed positions has
a few degenerate states, and braiding of two excitations
results in a matrix rotation in the degenerate subspace.
This property has been extensively pursued for poten-
tial applications in topological quantum information pro-
cessing [14]. One prominent example that supports non-
Abelian CSL is the Kitaev honeycomb model [11]. A va-
riety of other non-Abelian CSLs in spin-1 systems have
also been proposed [15–21].
The work of Moore and Read [13] provides another
deep insight about chiral topological order from the wave
function perspective as they found that many FQH states
can be expressed as conformal blocks, i.e., chiral correla-
tors in certain conformal field theories (CFTs) [22]. This
connection has been generalized to describe chiral topo-
logical states in lattice systems [23–29], and the wave
functions have been formulated as infinite dimensional
matrix product states (IDMPSs). In some cases, the par-
ent Hamiltonians for these states can be derived by using
the CFT null field technique [30].
Besides the CFT approach, the parton method has
been used systematically to generate chiral spin liquids.
The essential idea of this method is to represent the spins
using fermionic or bosonic “partons” that reside in en-
larged Hilbert spaces. The partons realize the ground
states of some mean-field Hamiltonians and physical
states of the spins are recovered by applying Gutzwiller
projection to remove the unphysical degrees of freedom in
the enlarged Hilbert spaces. One extensively used mean-
field state of partons is the Bardeen-Cooper-Schrieffer
(BCS) state [31] that describes the spin-singlet pairing
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2of fermions [32]. Along this line, Gutzwiller projected
BCS states provide a convenient way to represent RVB
states [33].
In this work, we follow the RVB approach to construct
a spin-1 non-Abelian CSL on the torus. The spin-1 sys-
tem is represented using fermionic partons with three
different “colors” [34, 35] and each of them forms a pro-
jected BCS state with p+ip pairing. We shall prove that
this CSL is the lattice analogue of the bosonic Moore-
Read (Pfaffian) state at unit filling. We note that CSLs
which exhibit the same topological order as the bosonic
Moore-Read state have been extensively studied in the
past [16–18, 20, 36–38]. The important insights revealed
in the present work are: (i) By using (generalized) Weier-
strass functions as BCS pairing functions, three topo-
logically degenerate ground states, all taking the RVB
form, are explicitly constructed on the torus. It is worth
emphasizing that the construction is independent of the
lattice geometry. (ii) The degenerate ground states have
an exact correspondence with the conformal blocks of
the SO(3)1 Wess-Zumino-Witten (WZW) model. This
generalizes the result of Ref. 38, which studied a single
wave function on the plane with open boundaries (hence
unable to deal with the topological degeneracy). (iii)
The degenerate ground states inherit the modular trans-
formation properties of the conformal blocks. For the
square lattice, minimally entangled states [12] (MESs)
are constructed analytically using a proper linear combi-
nation of the three degenerate ground states. This allows
us to show that the modular S and T matrices coincide
with those of the SO(3)1 WZW model, which provides a
complete characterization of the non-Abelian topological
order of the system.
The rest of this paper is organized as follows. In Sec. II,
we present our construction of the wave functions. In
Sec. III, the topological order of these wave functions is
characterized using modular transformations. In Sec. IV,
we summarize our work and give some outlook. In Ap-
pendix A, we briefly review the definition and properties
of the special functions used in the main text. In Ap-
pendix B, we introduce the Cartan basis to show that the
wave functions can be converted from the Pfaffian form
to the “Jastrow times Pfaffian” form. In Appendix C, we
prove that the wave functions are translationally invari-
ant on the square lattice.
II. WAVE FUNCTION CONSTRUCTION
To begin with, we first briefly review the fermionic
parton representation of spin-1 systems [34, 35]. The
discussions in this section are not restricted to any par-
ticular lattice geometry and can be applied generally in
two-dimensional (2D) lattices. For each lattice site, there
is a spin-1 operator obeying the so(3) algebra. Its three
components are represented using fermionic operators as
Jj,a = −i
3∑
b,c=1
abcc
†
j,bcj,c, (1)
where abc is the Levi-Civita symbol and c
†
j,a (cj,a) is the
fermionic creation (annihilation) operator at site j (j =
1, . . . , N) with color a (a = 1, 2, 3). The total number
of lattice sites is denoted as N and assumed to be even
throughout this paper. The anticommutation relations of
the fermionic operators, i.e., {ci,a, cj,b} = {c†i,a, c†j,b} = 0
and {ci,a, c†j,b} = δijδab, help us to confirm that the spin
operators satisfy the standard commutation relations
[Ji,a, Jj,b] = δij
3∑
c=1
iabcJj,c. (2)
However, the fermionic operators lead to an enlarged
Hilbert space compared to the original spin-1 Hilbert
space, since only some states in the fermionic Hilbert
space are physical spin states. To remove the unphys-
ical states, we impose the single occupancy constraint∑3
a=1 c
†
j,acj,a = 1 at each site. It is also useful to define
three “color” states
|a〉 = c†a|0〉, a = 1, 2, 3, (3)
where |0〉 is the vacuum of the parton operators and
the site index is suppressed for clarity. One can check
that the single-site Casimir operator satisfies J2j ≡∑3
a=1 J
2
j,a = 2, in agreement with the spin-1 represen-
tation. In practice, a state for the spin system is con-
structed as a many-body state of the fermionic partons,
and the single-occupancy constraint is implemented us-
ing a Gutzwiller projector PG.
A. Projected BCS formulation
The (unprojected) fermionic parton wave function of
our interest takes the BCS form,
|ΨBCS〉 = exp
∑
i<j
gij
3∑
a=1
c†i,ac
†
j,a
 |0〉, (4)
where gij is the BCS pairing function and
∑3
a=1 c
†
i,ac
†
j,a
is a VB operator creating an SO(3) singlet between sites
i and j. The fact that it creates a singlet can be veri-
fied by inspecting the eigenvalue of the two-site Casimir
operator, (J i +J j)
2
∑3
a=1 c
†
i,ac
†
j,a|0〉 = 0. The spin wave
function is obtained from Eq. (4) as
|Ψ〉 = PG|ΨBCS〉
= PG exp
∑
i<j
gij
3∑
a=1
c†i,ac
†
j,a
 |0〉, (5)
3where the Gutzwiller projector PG removes all non-singly
occupied states. When the exponential is expanded, a
coherent superposition of VB singlet configurations sur-
vives in the Gutzwiller projection, so the spin wave func-
tion |Ψ〉 in Eq. (5) is an RVB state.
In Ref. 38, it was revealed that the particular choice
gij = 1/(zi−zj) of the pairing function in Eq. (5), with zj
being the complex coordinate of site j on the plane, gives
rise to a lattice version of the bosonic Moore-Read state
at unit filling. This pairing function describes a p + ip
superconductor in its weak-pairing topological phase and
coincides with the two-point correlator of a chiral Ma-
jorana field in the Ising CFT [39]. This observation
serves as a guide to recast the projected BCS state in
Eq. (5) as a multipoint correlator of three-colored Ma-
jorana fields or, in other words, an IDMPS constructed
from the SO(3)1 WZW model, where the latter CFT de-
scribes the gapless edge excitations of the bosonic Moore-
Read state. That is, the wave function for the bulk topo-
logical order and the dynamical theory at the edge are
described by the same CFT, in agreement with the bulk-
edge correspondence [13].
The results of Ref. 38 were obtained for an infinite
plane, which means that the projected BCS state in
Eq. (5) describes a unique ground state on a 2D lat-
tice with open boundaries. On the other hand, many
interesting and important properties of topologically or-
dered systems, such as the ground-state degeneracy and
modular matrices, cannot be revealed on a topologically
trivial manifold like the open plane. It is thus desirable
to generalize the wave function to topologically nontrivial
manifolds, the simplest of which is a torus with periodic
boundaries along both directions of a 2D lattice. From
a numerical perspective, the torus geometry suppresses
boundary effects and allows for the usage of translation
symmetries, so it is possible to study larger systems,
which might be helpful in the search and identification
of bosonic Moore-Read states in lattice models [17].
To construct projected BCS states in periodic systems,
it is natural to expect that the pairing function gij in
Eq. (5) should be replaced by the two-point correlator of
Majorana fields in the Ising CFT on the torus. In this
case, the Majorana correlator 〈χ(zi)χ(zj)〉 becomes the
elliptic generalization of 1/(zi − zj). However, there is
an extra (and crucial) complication for the torus geom-
etry: Majorana fermions in the Ising CFT could have
either periodic (P) or antiperiodic (A) boundary con-
dition along the two incontractible large loops of the
torus [40, 41]. Consequently, there are four topologi-
cal sectors PP, PA, AA, AP, which hereafter shall be la-
belled as ν = 1, 2, 3, 4, respectively.
For the torus with modular parameter τ (see Fig. 1),
the two-point correlator of the chiral Majorana field χ(z)
vanishes in the ν = 1 sector due to the presence of a zero
mode and is given by
〈χ(zi)χ(zj)〉ν =Pν(zi − zj |τ) (6)
in the ν = 2, 3, 4 sectors [41, 42], where Pν(zi − zj |τ)
O !1
!1 + !2!2
Rez
Imz
FIG. 1. Definition of the torus by specifying two (noncolin-
ear) complex numbers ω1 and ω2 in the complex plane, where
ω1 is chosen to be real and positive. ω1 and ω2 define a paral-
lelogram and the torus is obtained by identifying the opposite
sides of the parallelogram. The modular parameter τ is the
aspect ratio of the parallelogram, τ = ω2/ω1. In the present
work, we choose Imτ > 0.
are (generalized) Weierstrass functions [see Eq. (A7) in
Appendix A for the definition]. With the (generalized)
Weierstrass functions as pairing functions, three pro-
jected BCS states on the torus can be constructed as
|Ψν〉 = PG exp
∑
i<j
Pν(zi − zj |τ)
3∑
a=1
c†i,ac
†
j,a
 |0〉. (7)
As we shall elaborate in subsequent sections, these are in-
deed natural generalizations of the projected BCS state
on the plane studied in Ref. [38]. These states span the
topologically degenerate ground-state subspace and ex-
hibit the SO(3)1 topological order.
B. Conformal field theory formulation
In Ref. [38], much insight about the projected BCS
state on the plane was derived from its exact equiva-
lence with an IDMPS constructed from the SO(3)1 WZW
model. It is very interesting that this equivalence still
holds on the torus. In other words, we shall prove that
the three projected BCS states in Eq. (7) can also be for-
mulated as conformal blocks of the SO(3)1 WZW model
on the torus.
As a bridge between the two formulations, we first de-
rive the explicit form of the wave functions in the spin
basis. By expanding the BCS states (in terms of Pfaffians
in real space) and performing the Gutzwiller projection,
Eq. (7) is transformed to
|Ψν〉 =
∑
a1,...,aN
Ψν(a1, . . . , aN )|a1, . . . , aN 〉, (8)
where the coefficients are, up to a sign factor, a product
of three Pfaffians,
Ψν(a1, . . . , aN ) = sgn(i
(1)
1 , . . . , i
(1)
N1
, . . . , i
(3)
1 , . . . , i
(3)
N3
)
×
3∏
a=1
Pfa [Pν(zi − zj |τ)] , (9)
4and the basis states can be represented using the
fermionic parton operators as
|a1, . . . , aN 〉 = c†1,a1 · · · c†N,aN |0〉. (10)
In Eq. (9), the lattice sites occupied by |a〉 are denoted
by i
(a)
1 < · · · < i(a)Na . We note that only even Na
is allowed in Eq. (9) because it is implicit in Eq. (7)
that the partons of each color must come in pairs. Re-
garding Eq. (9), two additional comments are in or-
der: (i) The factor sgn(i
(1)
1 , . . . , i
(1)
N1
, . . . , i
(3)
1 , . . . , i
(3)
N3
) =
±1 is the signature of the permutation which brings
(i
(1)
1 , . . . , i
(1)
N1
, . . . , i
(3)
1 , . . . , i
(3)
N3
) back to (1, . . . , N). (ii)
Pfa [Pν(zi − zj |τ)] is the Pfaffian of an Na × Na anti-
symmetric matrix, whose diagonal entries are zero and
off-diagonal entries are Pν(zi − zj |τ), in which the com-
plex coordinates are restricted to the positions of the spin
state |a〉.
Let us now turn to the CFT side and interpret the
wave functions as conformal blocks of the SO(3)1 WZW
model. This CFT has central charge c = 3/2 and can
be formulated as a free theory of three copies of mass-
less Majorana fermion, which has a natural correspon-
dence with the Ising CFT. For instance, we may identify
its Kac-Moody primary field in the vector representation
with a (three-colored) energy operator of the Ising CFT,
εa(z, z¯) = iχa(z)χ¯a(z¯), a = 1, 2, 3, (11)
where the holomorphic component χa(z) is a chiral Ma-
jorana field with color a, and χ¯a(z¯) is its antiholomorphic
counterpart. For energy operators with the same color,
the multipoint correlator on the torus breaks up into a
sum of the products of holomorphic and antiholomorphic
components as follows [41]:
〈εa(z1, z¯1)εa(z2, z¯2) · · · 〉′ =
∑
ν
|〈χa(z1)χa(z2) · · · 〉′ν |2,
(12)
where 〈· · · 〉′ stands for the correlator without division
of the corresponding partition function (i.e., “unnormal-
ized” in the field theory sense) and ν labels the four
boundary conditions of the Majorana fermions on the
torus. If the number of energy operators in Eq. (12) is
even, nontrivial contributions come from the ν = 2, 3, 4
sectors (PA, AA, AP boundary conditions), while such
correlator vanishes in the ν = 1 sector (PP boundary
condition).
We are now in a position to write down conformal
blocks, i.e., IDMPSs on the torus [25, 43]. Up to overall
factors, the results reproduce Eq. (9),
ψν(a1, . . . , aN ) = 〈χa1(z1) · · ·χaN (zN )〉′ν , (13)
where ν = 2, 3, 4 [44]. This can be proved as
ψν(a1, . . . , aN ) = ζ
3∏
a=1
〈χa(z
i
(a)
1
) · · ·χa(z
i
(a)
Na
)〉′ν
= ζZ3ν
3∏
a=1
〈χa(z
i
(a)
1
) · · ·χa(z
i
(a)
Na
)〉ν
= Z3νζ
3∏
a=1
Pfa [Pν(zi − zj |τ)]
= Z3νΨν(a1, . . . , aN ). (14)
In the first line, the Majorana fields with the same
color are grouped together, where the permutation sign
ζ = sgn(i
(1)
1 , . . . , i
(1)
N1
, . . . , i
(3)
1 , . . . , i
(3)
N3
) arising due to the
anticommuting nature of Majorana fields is exactly the
same as the sign factor in Eq. (9). In the second line,
the unnormalized correlator is converted to a normal-
ized one, by taking into account the partition function of
three massless chiral Majorana fermions in the respective
sector. The torus partition function of a single massless
chiral Majorana fermion in the sector ν is denoted as Zν .
It is worth emphasizing that the three Majorana fermions
are locked in the same sector, as required in the SO(3)1
WZW model. In the third line, Wick’s theorem [41] is
used to reduce the (normalized) multipoint correlators to
two-point ones in Eq. (6). At this stage, we also see that
Na (i.e., the number of sites with color a in a given spin
configuration) must be even, since the correlator of an
odd number of Majorana fields vanishes in the ν = 2, 3, 4
sectors [41].
We have thus established that the IDMPSs constructed
in Eq. (13) are identical to the wave functions in Eq. (9),
up to overall factors Z3ν . If the IDMPSs were defined
with “normalized” correlators with the partition func-
tions included properly, the overall factors would have
disappeared. However, as we shall see in Sec. III, keep-
ing these factors is useful for understanding how these
wave functions change under modular transformations.
Finally, as a side remark, we note that the wave func-
tions in Eq. (9), when converted to the Cartan basis,
exhibit a “Jastrow times Pfaffian” form [see Eq. (B9)],
in complete analogy to their planar counterpart [30, 38].
The Cartan basis for which one of the so(3) generators
[Eq. (1)] is diagonal is more suitable for numerical cal-
culations. The detailed derivation of this “Jastrow times
Pfaffian” form is provided in Appendix B.
III. MODULAR S AND T TRANSFORMATIONS
OF THE WAVE FUNCTIONS
The periodic structure of the torus allows for different
parametrizations. The reparametrizations that leave the
torus invariant are modular transformations [40, 41, 45].
In the continuum, all modular transformations can be
generated by two elementary ones, namely the S and T
5FIG. 2. Schematics of the modular S and T transformations
on a 4 × 4 square lattice. The lattice is periodic along both
directions. The S transformation corresponds to a 90-degree
counterclockwise rotation, whilst the T transformation corre-
sponds to a Dehn twist. The arrow and double-arrow indicate
the orientation of the lattice.
transformations. For topological orders in two dimen-
sions, the modular S and T transformations act in the
degenerate ground-state subspace and their matrix forms
encode useful information about the underlying anyon
theory [10, 11].
The presence of a lattice further constrains allowed
modular transformations, since the lattice should coin-
cide with itself after the modular transformations [12].
To calculate how the wave functions change under the
modular transformations, we consider a L × L square
lattice for simplicity, where L is taken to be even to en-
sure that N = L2 is even. Without loss of generality, we
assume that the lattice spacing is 1/L, so that the lattice
is embedded on a square with a unit side length (ω1 = 1
and ω2 = i, see Fig. 1) and its modular parameter is τ = i.
For site j with complex coordinate zj =
1
L (xj + iyj), we
choose xj ∈ {0, 1, . . . , L − 1} and yj ∈ {0, 1, . . . , L − 1}
such that
j = xj + yjL+ 1 ≡ (xj , yj). (15)
To determine transforming properties of the wave func-
tions under the modular transformations, we consider a
process in which the modular parameter τ of the torus
changes adiabatically. The implementation of the modu-
lar transformation is then an adiabatic transport along a
closed path in the “moduli space” of distinct tori, which
is obtained from the upper half plane (recall our assump-
tion Imτ > 0) by identifying the τ -points that are related
by modular transformations. We shall follow the “holon-
omy equals monodromy” approach [46]. Here “Holon-
omy” refers to the (non-Abelian) gauge-invariant Berry
phase of the wave functions under the adiabatic trans-
port, whilst “monodromy” is just analytical continua-
tion of the positions of primary fields in the conformal
blocks. In Ref. [46], “holonomy equals monodromy” was
demonstrated for the continuous case by considering spe-
cial paths in the “moduli space”. As our lattice wave
functions should have short-range (exponentially decay-
ing) correlations, it is expected that “holonomy equals
monodromy” holds when L is much larger than the cor-
relation length.
We are now ready to calculate how the wave functions
|ψν〉 in Eq. (14) change under the modular transforma-
tions. As we noted earlier, the “normalization” factor Zν
is the chiral partition function of a massless free Majo-
rana fermion in the ν = 2, 3, 4 sectors on the torus. Their
explicit forms are given by [41]
Z2(τ) =
√
ϑ2(τ)
η(τ)
=
√
2q
1
24
∞∏
n=1
(1 + qn),
Z3(τ) =
√
ϑ3(τ)
η(τ)
= q−
1
48
∞∏
n=0
(1 + qn+
1
2 ),
Z4(τ) =
√
ϑ4(τ)
η(τ)
= q−
1
48
∞∏
n=0
(1− qn+ 12 ), (16)
where q = e2piiτ , ϑν(τ) are Jacobi’s theta functions (see
Appendix A) and
η(τ) = q
1
24
∞∏
n=1
(1− qn) (17)
is Dedekind’s eta function. It should be emphasized that
these factors are τ -dependent, which is known [46] to be
important in understanding the modular transformation
properties of the wave functions.
A. Modular T transformation
Geometrically, the modular T transformation on the
torus corresponds to the so-called Dehn twist (see Fig. 2),
the action of which on the coordinates of lattice sites is
(xj , yj)→ (xj + yj , yj), in which the addition is modulo
L. Here we again follow the aforementioned “holonomy
equals monodromy” approach, which changes the modu-
lar parameter of the torus as τ → τ + 1.
Under the change τ → τ + 1, the factors in Eq. (16)
transform as
Z2(τ + 1) = e
ipi
12Z2(τ),
Z3(τ + 1) = e
− ipi24Z4(τ),
Z4(τ + 1) = e
− ipi24Z3(τ), (18)
which are easily obtained by using the modular transfor-
mation properties of Jacobi’s theta functions (A12) and
Dedekind’s eta function (A20).
6By using Eqs. (18) and (A13), we find that after the
Dehn twist, the wave functions |ψν〉 defined in Eq. (14)
are transformed to
|ψ′2〉 = e
ipi
4 |ψ2〉,
|ψ′3〉 = e−
ipi
8 |ψ4〉,
|ψ′4〉 = e−
ipi
8 |ψ3〉. (19)
This motivates us to define the so-called “minimally en-
tangled states” (MESs) [12], also known as the anyon
eigenbasis, as
|ψI〉 = 1√
2
(|ψ3〉+ |ψ4〉),
|ψs〉 = |ψ2〉,
|ψv〉 = 1√
2
(|ψ3〉 − |ψ4〉). (20)
Under the Dehn twist, the MESs are transformed to
themselves up to a phase factor
|ψ′I〉 = e−
ipi
8 |ψI〉,
|ψ′s〉 = e
ipi
4 |ψs〉,
|ψ′v〉 = −e−
ipi
8 |ψv〉. (21)
In other words, the modular T matrix, which is defined
as the transforming matrix relating the states before and
after the Dehn twist, is diagonal within the MES basis,
T =
 e− ipi8 0 00 e ipi4 0
0 0 −e− ipi8
 . (22)
The diagonal entries of the T matrix are known to en-
code the topological spins of anyonic quasiparticles as
well as the chiral central charge via Tαα = θαe
−2piic/24,
where α denotes the anyon type (α = I, s, v), θα are
their topological spins and c is the chiral central charge
of the edge CFT of the bulk anyon theory. By using
Eq. (22), we obtain θI = 1, θs = e
2ipi 316 , θv = −1, and
c = 3/2 (mod 8). This is in agreement with the SO(3)1
TQFT [11], which indeed describes the topological order
of the bosonic Moore-Read state at unit filling. From the
CFT side, the MESs are in correspondence with the pri-
mary fields, and we could extract the conformal weights
of these primary fields by using θα = e
2piihα , where hα is
the conformal weight of the primary field corresponding
to α. For our case, this gives rise to hI = 0, hs =
3
16 ,
hv =
1
2 , which correspond to the three primary fields of
the SO(3)1 WZW model.
B. Modular S transformation
Geometrically, the modular S transformation is a coun-
terclockwise rotation of the lattice by 90 degrees [as
shown in Fig. 2], the action of which on the coordinates
of lattice sites is (xj , yj)→ (yj , L− 1−xj) or zj → −izj .
Equivalently, we write it in the form of a map d [25],
d(xj + yjL+ 1) = yj + (L− 1− xj)L+ 1. (23)
This transformation is realized via τ → −1/τ . Again, we
follow the “holonomy equals monodromy” approach.
Under the change τ → −1/τ , the factors in Eq. (16)
transform as
Z2(−1/τ) = Z4(τ),
Z3(−1/τ) = Z3(τ),
Z4(−1/τ) = Z2(τ), (24)
which come from the modular transformation proper-
ties of Jacobi’s theta functions (A15) to (A18) and
Dedekind’s eta function (A21).
By combining Eqs. (24) and (A19), we find that
under the modular S transformation, the MESs
{|ψI〉, |ψs〉, |ψv〉} defined in Eq. (20) are transformed to
|ψ′′I 〉 =
1
2
|ψI〉+ 1√
2
|ψs〉+ 1
2
|ψv〉,
|ψ′′s 〉 =
1√
2
(|ψI〉 − |ψv〉),
|ψ′′v 〉 =
1
2
|ψI〉 − 1√
2
|ψs〉+ 1
2
|ψv〉. (25)
Thus, the modular S matrix is written as
S =
1
2
 1 √2 1√2 0 −√2
1 −√2 1
 , (26)
which is indeed the expected form for the SO(3)1
TQFT [11].
As a technical detail, we note that the map (23) is a
relabelling of the sites in the lattice. It turns out that this
map contains N(N − 2L+ 1)/4 exchanges of two labels.
The resulting extra sign factor (−1)N(N−2L+1)/4 exactly
cancels the factor iN/2 coming from the transformation
of (generalized) Weierstrass functions [Eq. (A19)], since
we have N = L2 and N is even.
C. Orthogonality
In the thermodynamic limit, we expect that the MES
basis states are orthogonal to each other. This is quanti-
fied by the wave-function overlaps encoded in the Gram
matrix Gαβ = 〈ψα|ψβ〉 (α, β = I, v, s), which should be-
have as Gαβ ∝ δαβ for large L. For a 4 × 4 square lat-
tice, an exact computation of the wave-function overlaps
with normalized MES basis states yields |GI,v| = 0.03609,
|GI,s| = 0.26608, and |Gv,s| = 0.26342, which are already
small. For larger system sizes, the verification of the van-
ishing wave-function overlaps can be done with Monte
Carlo techniques [17, 18, 20].
7IV. SUMMARY AND DISCUSSIONS
To summarize, we have constructed three RVB wave
functions of a spin-1 system that represent the topologi-
cally degenerate ground states of a bosonic Moore-Read-
type chiral spin liquid on the torus. These wave functions
take the form of projected BCS states and can also be for-
mulated as conformal blocks of the SO(3)1 WZW model.
For the case of a square lattice, we have built the min-
imally entangled state basis from the three RVB wave
functions and analytically computed modular S and T
matrices within this basis. The results are in agreement
with the SO(3)1 topological quantum field theory and
thus fully characterize the topological order.
For Moore-Read-type chiral spin liquid states realized
in spin-1 systems, short-range Hamiltonians supporting
them have so far not been settled, despite that a num-
ber of candidates were suggested [15, 17, 19–21]. To find
suitable Hamiltonians, the degenerate ground states con-
structed in the present work could be used for optimizing
the overlaps with the numerically obtained ground states
of candidate Hamiltonians. It could help constrain the
parameter space of the candidate Hamiltonians. In par-
allel, it is also desirable to develop the parent Hamilto-
nian formalism for conformal block wave functions on the
torus. Unlike the planar case, such formalism is not yet
available for the torus case [47].
The spin-1 RVB wave functions considered in this work
have a natural SO(n) generalization (see Ref. [38] for the
planar case). This provides wave function realizations of
the sixteen types of topological orders known as Kitaev’s
sixteenfold way [11], which complements the Hamiltonian
construction [48]. For odd n, the three states similar to
Eq. (7) (with the VB creation operator being replaced by
its SO(n) analogue) span the three-dimensional ground-
state subspace, which belong to the non-Abelian series of
the Kitaev’s sixteenfold way. However, for the Abelian
series with even n, the ground-state subspace should be
four-dimensional and the construction similar to Eq. (7)
would miss one state. This remains a puzzle and it would
be interesting to find out this missing state in future
works.
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Appendix A: Jacobi’s theta functions and
generalized Weierstrass functions
In this Appendix, we briefly review the definition and
some properties of Jacobi’s theta functions and (general-
ized) Weierstrass functions, which are necessary for the
derivation in this work. For further details about these
functions, one can refer to Refs. [41, 45].
1. Definitions
Jacobi’s theta functions are defined by
ϑ1(z|τ) = −i
∑
n∈Z
(−1)nyn+1/2q(n+1/2)2/2,
ϑ2(z|τ) =
∑
n∈Z
yn+1/2q(n+1/2)
2/2,
ϑ3(z|τ) =
∑
n∈Z
ynqn
2/2,
ϑ4(z|τ) =
∑
n∈Z
(−1)nynqn2/2, (A1)
where q = e2piiτ and y = e2piiz. The argument of these
functions is the complex variable z, whilst τ is a com-
plex parameter with Imτ > 0. By using Jacobi’s triple
product identity [40, 41, 45]
∞∏
n=1
(1− qn)(1 + yqn−1/2)(1 + y−1qn−1/2) =
∑
n∈Z
ynqn
2/2,
(A2)
Jacobi’s theta functions can also be expressed in the form
of infinite products:
ϑ1(z|τ) = −iy 12 q 18
∞∏
n=1
(1− qn)(1− yqn)(1− y−1qn−1),
ϑ2(z|τ) = y 12 q 18
∞∏
n=1
(1− qn)(1 + yqn)(1 + y−1qn−1),
ϑ3(z|τ) =
∞∏
n=1
(1− qn)(1 + yqn−1/2)(1 + y−1qn−1/2),
ϑ4(z|τ) =
∞∏
n=1
(1− qn)(1− yqn−1/2)(1− y−1qn−1/2).
(A3)
Jacobi’s theta functions at z = 0 are termed standard
Jacobi’s theta functions
ϑν(τ) ≡ ϑν(0|τ) (A4)
8with ν = 1, 2, 3, 4. Hence we have
ϑ2(τ) =
∑
n∈Z
q(n+1/2)
2/2,
ϑ3(τ) =
∑
n∈Z
qn
2/2,
ϑ4(τ) =
∑
n∈Z
(−1)nqn2/2, (A5)
or, equivalently,
ϑ2(τ) = 2q
1/8
∞∏
n=1
(1− qn)(1 + qn)2,
ϑ3(τ) =
∞∏
n=1
(1− qn)(1 + qn−1/2)2,
ϑ4(τ) =
∞∏
n=1
(1− qn)(1− qn−1/2)2. (A6)
Note that ϑ1(τ) = 0, as can easily be seen from its infinite
product form.
The (generalized) Weierstrass functions are defined in
terms of Jacobi’s theta functions:
Pν(zi − zj |τ) = ϑν(zi − zj |τ)∂zϑ1(z|τ)|z=0
ϑν(τ)ϑ1(zi − zj |τ) (A7)
with ν = 2, 3, 4. When zi − zj → 0, these func-
tions behave as 1/(zi − zj), i.e., the two-point correlator
〈χ(zi)χ(zj)〉 on the plane are indeed recovered at short
distance.
2. Periodic properties
Using (A1), one can readily show that under the trans-
lations z → z+ 1 and z → z+ τ , Jacobi’s theta functions
transform as
ϑ1(z + 1|τ) = −ϑ1(z|τ),
ϑ2(z + 1|τ) = −ϑ2(z|τ),
ϑ3(z + 1|τ) = ϑ3(z|τ),
ϑ4(z + 1|τ) = ϑ4(z|τ), (A8)
and
ϑ1(z + τ |τ) = −y−1q−1/2ϑ1(z|τ),
ϑ2(z + τ |τ) = y−1q−1/2ϑ2(z|τ),
ϑ3(z + τ |τ) = y−1q−1/2ϑ3(z|τ),
ϑ4(z + τ |τ) = −y−1q−1/2ϑ4(z|τ), (A9)
respectively.
Based on the translational properties of Jacobi’s theta
functions [Eqs. (A8) and (A9)], one can easily see that the
(generalized) Weierstrass functions satisfy the periodicity
conditions,
P2(z + 1|τ) =P2(z|τ),
P3(z + 1|τ) = −P3(z|τ),
P4(z + 1|τ) = −P4(z|τ), (A10)
and
P2(z + τ |τ) = −P2(z|τ),
P3(z + τ |τ) = −P3(z|τ),
P4(z + τ |τ) =P4(z|τ), (A11)
as the two-point correlators 〈χ(zi)χ(zj)〉ν (ν = 2, 3, 4) on
the torus should obey.
3. Modular properties
From the definition of Jacobi’s theta functions (A1),
one can readily verify that under the modular T trans-
formation (τ → τ + 1) they behave as
ϑ1(z|τ + 1) = e ipi4 ϑ1(z|τ),
ϑ2(z|τ + 1) = e ipi4 ϑ2(z|τ),
ϑ3(z|τ + 1) = ϑ4(z|τ),
ϑ4(z|τ + 1) = ϑ3(z|τ). (A12)
Using Eq. (A12) and the definition of Pν(zi − zj |τ) in
Eq. (A7) (with τ = i relevant for our setup), it is easy to
derive that
P2(zi − zj |i + 1) =P2(zi − zj |i),
P3(zi − zj |i + 1) =P4(zi − zj |i),
P4(zi − zj |i + 1) =P3(zi − zj |i). (A13)
The derivation of transforming properties of Jacobi’s
theta functions under the modular S transformation
(τ → −1/τ, z → z/τ) is more involved. To this end,
we invoke the Poisson resummation formula [41, 45]
∑
n∈Z
exp
(−pian2 + bn) = 1√
a
∑
k∈Z
exp
[
−pi
a
(
k +
b
2pii
)2]
.
(A14)
With the definition of ϑ1(z|τ) and a = i/τ and b =
−ipi(1− 2z/τ − 1/τ) in the above formula, we obtain
ϑ1(
z
τ |−1τ ) = −ieipi
z2
τ (−iτ) 12ϑ1(z|τ). (A15)
Similarly, choosing a = i/τ and b = ipi(2z/τ − 1/τ), we
obtain
ϑ2(
z
τ |−1τ ) = eipi
z2
τ (−iτ) 12ϑ4(z|τ), (A16)
choosing a = i/τ and b = 2ipiz/τ , we obtain
ϑ3(
z
τ |−1τ ) = eipi
z2
τ (−iτ) 12ϑ3(z|τ), (A17)
9and choosing a = i/τ and b = ipi(2z/τ − 1), we obtain
ϑ4(
z
τ |−1τ ) = eipi
z2
τ (−iτ) 12ϑ2(z|τ). (A18)
Using Eqs. (A15)–(A18) and the definition of Pν(zi −
zj |τ) in Eq. (A7) (with τ = −1/τ = i relevant for our
setup), we obtain the change of Weierstrass functions un-
der the modular S transformation,
P2(−i(zi − zj)|i) = iP4(zi − zj |i),
P3(−i(zi − zj)|i) = iP3(zi − zj |i),
P4(−i(zi − zj)|i) = iP2(zi − zj |i). (A19)
We also note in passing that Dedekind’s eta func-
tion (17) transforms under the modular T and S trans-
formations as
η(τ + 1) = e
ipi
12 η(τ) (A20)
and
η(−1/τ) = (−iτ) 12 η(τ), (A21)
respectively.
Appendix B: “Jastrow times Pfaffian” form in
Cartan basis
In this Appendix, we define the Cartan basis and show
that the wave functions in Eq. (7) take a “Jastrow times
Pfaffian” form in this basis.
The Cartan basis is defined by |m〉 = d†m|0〉 with m =
1, 0,−1. (Again, we have temporarily suppressed the site
index.) Here |m = 0〉 should not be confused with the
parton vacuum |0〉. We shall also frequently use |±〉 as
the shorthand notation for |m = ±1〉. The new parton
operators d†m are unitarily related to c
†
a [see Eq. (3)] via
d†± = −
1√
2
(±c†1 + ic†2),
d†0 = c
†
3. (B1)
Thus, the Cartan basis is related to the “color” basis
as |±〉 = −(±|1〉 + i|2〉)/√2 and |m = 0〉 = |3〉. In
the Cartan basis, the so(3) generator J3 [see Eq. (1)]
is diagonalized, J3|m〉 = m|m〉, i.e., m is the magnetic
quantum number for the spin-1 system.
In the Cartan basis, the SO(3) valence bond operator
is rewritten as
3∑
a=1
c†i,ac
†
j,a = −(d†i,+d†j,− − d†i,0d†j,0 + d†i,−d†j,+). (B2)
Hence the RVB states in Eq. (7) are rewritten as
|Ψν〉 = PG exp
(∑
i<i′
Pν(zi − zi′ |τ)d†i,0d†i′,0
)
× exp
−∑
j 6=l
Pν(zj − zl|τ)d†j,−d†l,+
 |0〉.(B3)
Expanding two exponentials and performing the
Gutzwiller projection, we obtain
|Ψν〉 =
N/2∑
N1=0
N∑
N0=0
δ2N1+N0,N
∑
i1<···<iN0
∑
j1<···<jN1
∑
l1<···<lN1
×Pf0 [Pν(zi − zi′ |τ)] det∓ [−Pν(zj − zl|τ)]
×d†i1,0 · · · d†iN0 ,0d
†
j1,−d
†
l1,+
· · · d†jN1 ,−d
†
lN1 ,+
|0〉(B4)
with site indices i1 < · · · < iN0 (j1 < · · · < jN1 and l1 <
· · · < lN1) denoting the positions of |m = 0〉 (|m = −1〉
and |m = +1〉). Note that these site indices must all be
distinct due to the Gutzwiller projection. Furthermore,
the Pfaffian (determinant) factor is associated with the
|m = 0〉 (|m = ∓1〉) states.
The determinant in Eq. (B4) can be simplified by using
the Cauchy determinant formula on the torus [41]
det∓
[
Pν(zjp − zlq |τ)
]
1≤p,q≤N1
= (−1)N1(N1−1)2 (∂zϑ1(z|τ)|z=0)N1
ϑν(
∑
p(zjp − zlp)|τ)
ϑν(0|τ)
×
∏
p<q ϑ1(zjp − zjq |τ)ϑ1(zlp − zlq |τ)∏
p,q ϑ1(zjp − zlq |τ)
. (B5)
Substituting (B5) into Eq. (B4) and noticing that the
sign factor (−1)N1(N1−1)2 is cancelled by bringing the
partons from the ordering d†j1,−d
†
l1,+
· · · d†jN1 ,−d
†
lN1 ,+
to
d†j1,− · · · d†jN1 ,−d
†
l1,+
· · · d†lN1 ,+, we obtain
|Ψν〉 =
N/2∑
N1=0
N∑
N0=0
δ2N1+N0,N
∑
i1<···<iN0
∑
j1<···<jN1
∑
l1<···<lN1
×Pf0 [Pν(zi − zi′ |τ)]
ϑν(
∑
p(zjp − zlp)|τ)
ϑν(0|τ)
×(−1)N1
∏
p<q E(zjp − zjq |τ)E(zlp − zlq |τ)∏
p,q E(zjp − zlq |τ)
×d†i1,0 · · · d†iN0 ,0d
†
j1,− · · · d†jN1 ,−d
†
l1,+
· · · d†lN1 ,+|0〉
with the definition
E(z|τ) = ϑ1(z|τ)
∂zϑ1(z|τ)|z=0 . (B6)
Finally, by rearranging the order of the partons, the
wave function is written in a “Jastrow times Pfaffian”
form in Cartan basis
|Ψν〉 =
∑
m1,...,mN
Ψν(m1, . . . ,mN )|m1, . . . ,mN 〉, (B7)
where the basis is given by
|m1, . . . ,mN 〉 = d†1,m1 · · · d†N,mN |0〉, (B8)
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and the superposition coefficient is, after dropping an
unimportant overall factor, written as
Ψν({m}) = ρmPf0 [Pν(zi − zj |τ)]
ϑν(
∑N
j=1mjzj |τ)
ϑν(0|τ)
×
∏
1≤i<j≤N
[E(zj − zi|τ)]mimj (B9)
with ρm =
∏
j:even(−1)mj if
∑N
j=1mj = 0 and ρm = 0
otherwise.
Appendix C: Proof of translational invariance
In this Appendix, we prove that the RVB states (7)
defined on the square lattice (see Sec. III) are invariant
under translations along the two global loops of the torus.
The coordinates of the lattice sites follow the notation
introduced in Sec. III.
The translation by one lattice spacing along the x di-
rection acts on the fermionic operators c†j,a ≡ c†(xj ,yj),a
as
Txc
†
j,aT
−1
x =
{
eiθxν c†(0,yj),a
c†(xj+1,yj),a
xj = L− 1
otherwise
, (C1)
where the phase angle θxν is introduced to represent the
(periodic or antiperiodic) boundary condition along the
x direction, i.e., θxν = 0 for ν = 2 and pi for ν = 3, 4.
Similarly, the translation by one lattice spacing along the
y direction acts on the fermionic operators as
Tyc
†
j,aT
−1
y =
{
eiθyν c†(xj ,0),a
c†(xj ,yj+1),a
yj = L− 1
otherwise
, (C2)
where θyν = 0 for ν = 4 and pi for ν = 2, 3.
By formally setting Pν(0|τ) = 0, the RVB states in
Eq. (7) are written as
|Ψν〉 = PG exp
1
2
N∑
i,j=1
Pν(zi − zj |τ)
3∑
a=1
c†i,ac
†
j,a
 |0〉.
(C3)
By using TxPGT
−1
x = PG and Tx|0〉 = |0〉, the action of
Tx upon |Ψν〉 is expressed as
Tx|Ψν〉
= PGTx exp
1
2
N∑
i,j=1
Pν(zi − zj |τ)
3∑
a=1
c†i,ac
†
j,a
T−1x |0〉
= PG exp
 3∑
a=1
1
2
N∑
i,j=1
Pν(zi − zj |τ)Txc†i,ac†j,aT−1x
 |0〉,
where the action of Tx on the VB operators can be cal-
culated separately in four cases: (i) case 1: xi 6= L − 1
and xj 6= L − 1; (ii) case 2: xi 6= L − 1 and xj = L − 1;
(iii) case 3: xi = L − 1 and xj 6= L − 1; (iv) case 4:
xi = xj = L− 1. By using (C1) and (C2), we have
Txc
†
i,ac
†
j,aT
−1
x =

c†(xi+1,yi),ac
†
(xj+1,yj),a
eiθxν c†(xi+1,yi),ac
†
(0,yj),a
eiθxν c†(0,yi),ac
†
(xj+1,yj),a
e2iθxν c†(0,yi),ac
†
(0,yj),a
case 1
case 2
case 3
case 4
.
However, the phase factors arising above are cancelled.
Let us take the case 2 as an example,
L−2∑
xi=0
L−1∑
yi,yj=0
Pν(zi − zj |τ)Txc†(xi,yi),ac
†
(L−1,yj),aT
−1
x
=
L−2∑
xi=0
L−1∑
yi,yj=0
Pν(
1
L [xi − (L− 1) + i(yi − yj)]|τ)
×eiθxν c†(xi+1,yi),ac
†
(0,yj),a
=
L−1∑
x′i=1
L−1∑
yi,yj=0
Pν(
1
L [x
′
i + i(yi − yj)]− 1|τ)
×eiθxν c†(x′i,yi),ac
†
(0,yj),a
=
L−1∑
x′i=1
L−1∑
yi,yj=0
Pν(
1
L [x
′
i + i(yi − yj)]|τ)c†(x′i,yi),ac
†
(0,yj),a
,
where we have used an identity [see Eq. (A10)]
Pν(z ± 1|τ) = eiθxνPν(z|τ). (C4)
After collecting the terms from all four cases, it is easy
to see that the sum of all VB operators is invariant under
the action of Tx. Thus, we obtain Tx|Ψν〉 = |Ψν〉, which
proves the translational invariance of |Ψν〉 along the x
direction.
The translational invariance of |Ψν〉 along the y direc-
tion can be similarly proved with the help of an identity
[see Eq. (A11)]
Pν(z ± τ |τ) = eiθyνPν(z|τ). (C5)
This completes the proof that the RVB states on the
square lattice are translationally invariant along the two
global loops of the torus.
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